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Abstract 
Let F be a finite simple undirected graph. An automorphism tr E Aut F is an adjacency au- 
tomorphism of F if dist(x, tr(x))~< 1 for every vertex x E F. A graph F is adjacency-transitive 
if for every pair of vertices x, y C V(F) there exists a sequence of adjacency automorphisms 
al,tr2 ..... akEAutF such that trla2.-.ak(x)=y. Examples of such graphs include certain 
classes of connected Cayley graphs, but not all of them. 
Some basic properties and examples of adjacency-transitive graphs are given and those of 
valency 3 and 4 are classified. 
1. Introduction 
Unless otherwise specified the graphs considered are simple and undirected, and 
furthermore all graphs and groups are assumed to be finite. We refer the reader to [9] 
for results on permutation groups. 
Fix a positive integer b and let dist: V(F)  x V(F)  ~ ~0 tO {~x~} denote the ordinary 
distance function in a graph F. An automorphism ~r of  F is b-bounded if for each 
vertex x E V(F)  we have 
dist(x, a(x ) ) <. b. 
A graph F is b-bounded transitive if for every pair of vertices x, y C V(F)  there exists a 
sequence al, tr2 . . . . .  trk of  b-bounded automorphisms of F, such that al tr2 • .. ak(x) = y. 
Clearly, F is b-bounded transitive if and only if AUt<b F is transitive on F, where 
AUt<b F is the subgroup of Aut F generated by all b-bounded automorphisms of F. We 
refer the reader to [7] for the concept of  a bounded automorphism of an arbitrary simple 
undirected locally finite graph and for a characterization f infinite graphs admitting a 
vertex-transitive action of  a group of bounded automorphisms. 
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An adjacency automorphism is an automorphism which is 1-bounded and an 
adjacency-transitive graph is a graph which is 1-bounded transitive. For instance, the 
octahedron graph is adjacency-transitive, since every rotation of rr/2 around the axis 
through two opposite vertices is an adjacency automorphism. 
In this paper we mostly consider adjacency-transitivity of graphs. An adjacency 
automorphism a of a graph F acts on vertices in F 'along the edges of F'. One may 
also say that the structure of F 'permits a continuous action' of a on V(F) or that a 
permutes the vertices 'within' the structure of F. This dynamic geometric speculation 
is our motivation for the study of this subject. 
In Section 2, we first show that every connected quasiabelian Cayley graph is 
adjacency-transitive, then we proceed with a necessary condition for a connected graph 
to have a nontrivial adjacency automorphism, and we prove that the Petersen graph is 
the smallest connected vertex-transitive but not adjacency-transitive graph. After giving 
two infinite family of adjacency-transitive graphs of rank 3, we observe some other 
basic facts and conclude with a construction of a vertex-transitive graph admitting the 
action of a given group and having no nontrivial adjacency automorphisms. 
Section 3 deals with adjacency-transitive graphs of valency 3 and 4. A neat descrip- 
tion of these graphs is given in Theorems 3.1 and 3.5. They are all Cayley graphs of 
abelian groups (Corollary 3.6). 
2. Some basic facts and examples 
Adjacency-transitive graphs may be seen as a generalization of a subclass of Cay- 
ley graphs. Let G be a group and R a subset of G not containing the identity and 
satisfying R -1 =R. Then the Cayley 9raph F=Cay(G,R)  has vertex set G, and for 
every 9 E G the set of neighbours of 9 in F is 9R. If the group G is abelian, then 
it is easy to see that, for any r E R, the right multiplication by r in G induces an 
automorphism fir of F which is an adjacency automorphism; so if R generates G 
we have that F is adjacency-transitive. An observation of this example leads to the 
class of quasiabelian Cayley graphs. A graph F is a quasiabelian Cayley graph if 
F-~ Cay(G,R), where R is a union of conjugacy classes in the group G. This terminol- 
ogy is due to Wang and Xu [8]. Obviously, every Cayley graph of an abelian group is 
quasiabelian. 
Proposition 2.1. Every connected quasiabelian Cayley 9raph is adjacency-transitive. 
Proof. Let F=Cay(G,R)  be a quasiabelian Cayley graph, where R is a union of 
conjugacy classes in G. For r E R denote by O'r the fight multiplication by r on G. 
First, we show that ar E Aut F: if h is adjacent to 9 in F, then h = gs for some s E R 
and we have 
Crr( h ) = hr = 9sr = 9rr-  l sr = 9rt = ar( O )t 
B. Zgrabli? /Discrete Mathematics 182 (1998) 321-332 323 
for t=r - l s rER ,  thus fir(h) is adjacent o ar(g). Furthermore, since fir(g)=gr is 
adjacent to g for every 9 E G = V(F), we have that ar is an adjacency automorphism 
of F. The adjacency-transitivity of F follows from the fact that R generates G. [] 
Let .~, cg, d and ~3-  denote the (isomorphism) classes of connected quasiabelian Cay- 
ley graphs, connected Cayley graphs, adjacency-transitive graphs and connected vertex- 
transitive graphs, respectively. As we shall see below, the following strict 
inclusions hold: .~ C d n cg C ~¢ C ~J  and ~1 N c£ Ccg. Of course every adjacency- 
transitive graph is connected and vertex-transitive. The converse is not true. 
Proposition 2.2. Let F be a connected graph of order IV(F)[ ~>3 and having a non- 
trivial adjacency automorphism. I f F is not a cycle then its girth equals 3 or 4. 
Proofi Let fi ~ 1 be an adjacency automorphism of F. If fi is transitive on F, then 
(fi) ~<Aut F is regular on F and, thus, F is a circulant. So F is a cycle or it has 
girth ~<4. We now consider the case when fi has at least two orbits on F. Choose 
the a-orbits T1 and T2 so that not both of them are trivial and that there is an edge 
xy E E(F) between them, x E T1, y E T2. If one of the orbits is trivial, say /1, then x 
is left fixed by fi and x, y, fi(y) form a triangle in F. If none of Th T2 is trivial, then 
x, y, fi(y), fi(x) correspond to a quadrangle in F. [] 
One can deduce from Proposition 2.2 and its proof that every adjacency-transitive graph 
that is not a cycle contains quadrangles. The Petersen graph 03, having girth 5, has 
no adjacency automorphism. 
Proposition 2.3. The Petersen graph is the smallest connected vertex-transitive graph 
that is not adjacency-transitive. 
Proof (sketch). Let p be a prime. In [4] Marugi6 proved that every vertex-transitive 
graph of order pk, k~<3, is a Cayley graph. In [1] the same is proved for vertex- 
transitive graphs of order 2p, p - 3 (rood 4). Since every group of prime order or prime 
squared order is abelian, all vertex-transitive graphs of order n < 10, n ¢ 6, 8, are quasia- 
belian Cayley graphs and thus adjacency-transitive if connected, by 
Proposition 2.1. Also, every Cayley graph of the quaternion group Q8 is quasiabelian, 
because very element of Q8 together with its inverse form a conjugacy class of Qs. 
So it suffices to check that all connected Cayley graphs of the dihedral groups D6 and 
D8 are adjacency-transitive. We leave this to the reader. [] 
Primitivity and imprimitivity play an important role in the investigation of vertex- 
transitive graphs. In particular, normal subgroups of automorphisms are of special 
interest. 
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Proposition 2.4. The set of b-bounded automorphisms of a graph F is closed under 
conjugation in AutF. Hence, Aut~<bF is a normal subgroup in AutF. 
Proof. Take a, zEAutF  where a is b-bounded. Set p=zaz -1. If xE V(F), then 
x=z(y)  for some yE  V(F) and we have p(x)=za(y). Since dist(y,a(y))<~b and 
preserves distances, we have dist(x,p(x))<.b. Thus p is b-bounded. The second part 
is an elementary group-theoretic result. [] 
Proposition 2.5. Let the graph F have a primitive group of automorphisms. I f  F has 
a nontrivial b-bounded automorphism, then F is b-bounded transitive. 
Proofi By the assumptions and Proposition 2.4 we have that Aut~<b F is a nontrivial 
normal subgroup of Aut F. Since Aut F acts primitively on F, the group Aut<~b 1" must 
be transitive on F, that is F is b-bounded transitive. [] 
Given a transitive action of a group G on a set t2 one can produce - -  by the 
so-called generalized orbital graph construction - -  various vertex-transitive graphs 
on Y2 admitting this action: let x E f2 and let W be a self-paired union of subor- 
bits of G relative to x, that are different from {x} (see [9]). The generalized or- 
bital graph Orb(G, W) of G relative to W is the graph with vertex set f2 and edge 
set {uvIu, vEf2, g(u)=x and g(v)E W for some gEG}. The term orbital graph is 
used when W is a single self-paired suborbit. It certainly depends on the choice 
of suborbits in f2 whether an element of G induces an adjacency automorphism of 
the relative generalized orbital graph or not. In particular, a graph and its comple- 
ment may have different adjacency properties, a trivial example being the complete 
and the empty graph; more interesting are the Petersen graph 03 and its complement 
07, both connected. The graph O 7 is adjacency-transitive. We now generalize this 
fact. 
Let F be the Triangle graph Tn, n>~5, that is V(F) consists of the two-elements 
subsets of In = {1,2 . . . . .  n}, two different vertices being adjacent if and only if they 
have nontrivial intersection. Note that F is isomorphic to the line graph of the complete 
graph Kn and that AutF -Sn  (see [6, Lemma 3.1]). Since the natural action of the 
symmetric group Sn on F is primitive, it suffices by Proposition 2.5 to find a nontrivial 
adjacency automorphism of F to prove the adjacency-transitivity of F. To this aim 
consider the automorphism a of F induced by the transposition (12)E Sn. Of course, 
a fixes {1,2) as well as every pair {a,b} E V(F) not intersecting {1,2}, and sends 
every other pair to one of its neighbours. So a is an adjacency automorphism of F. 
Furthermore, an element a E Sn induces an adjacency automorphism of the complement 
F c if and only if tr is a semiregular involution in its natural action on In, that is a is 
a product of n/2 disjoint transpositions. Thus the following holds. 
Proposition 2.6. The Triangle graph Tn, n >/5, is adjacency-transitive. Its complement 
T~ is adjacency-transitive if and only if n is even. 
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Moreover, Tn is not a Cayley graph unless n is a prime power and n--3(mod4) (see 
[3]). In particular, the complement O~ =/'5 of the Petersen graph is a non-Cayley 
adjacency-transitive graph, so d n cg C ~.  Also, T7 is an adjacency-transitive Cayley 
graph that is not a quasiabelian Cayley graph. To see this, suppose that T7--~ Cay(G,R) 
where R is a union of conjugacy classes in G that satisfies 1 ~ R and R--R -1. Since 
Aut T7 =$7 contains no cyclic subgroup of order IGI--I/'71 =21, we have that G is 
a metacyclic group. The conjugacy classes in G have cardinalities 1,3,3,7,7. Since 
no nonidentity element of G is conjugate to its inverse, we see that R cannot have 
cardinality 10, a contradiction to the valency of 7"7. Hence, F is not a quasiabelian 
Cayley graph and so ~ C d n oK. 
The Triangle graphs Tn, n ~> 5, arise from a rank 3 primitive action of the symmetric 
group Sn. We give another ank 3 example. Let U be an n-dimensional vector space 
over a finite field of q elements, where n/> 4 and q is a prime power. Define the graph 
F = F(n,q) as follows: the vertices of F are the 2-spaces in U, two different 2-spaces 
being adjacent in F if and only if they have nontrivial intersection. Then F admits a 
rank 3 primitive action of PSL,(q) and every element in SLn(q) fixing an (n -  1)- 
dimensional subspace in U induces an adjacency automorphism of F in PSL,(q). So 
F is adjacency-transitive. The rank 3 graphs will be considered in a separate paper. 
Next, we state a straight-on implication of having nontrivial adjacency automor- 
phisms on the structure of vertex-transitive graphs. 
Proposition 2.7. Let F be a graph, ~)~ B C V(F) and tr an adjacency automorphism 
of F. I f  B n a(B) = 0 then the bipartite subgraph in F induced by the bipartition sets 
B and a(B) contains a matching, namely the edge-set {x~r(x) l x~B} C_E(F). 
Proposition 2.7 will be mostly applied together with these additional assumptions: 
belongs to an imprimitive subgroup G~<Aut F and a(B)= C for two different blocks 
B, C of an imprimitivity block system of G on V(F). 
The following construction leads to vertex-transitive graphs admitting the transitive 
action of a given group and having no nontrivial adjacency automorphisms. Let F t be 
a graph with no isolated vertices and let V(F/)= {xi] 1 <~i<~n}. Define the graph F 
as follows: V(F)={xi, j l l<~i,j<<.n, xixjEE(F')}, and xi, j is adjacent to xk, l if i=k  
or if i = l and j -- k. Equivalently, the vertices of F are the directed arcs induced by 
edges in F ~, two arcs being adjacent in F if they have the same initial vertex or if they 
are opposite in F ~. We say that F is obtained from F ~ by substituting each vertex 
v with K~(v), where 6(v) denotes the valency of v in F'. Of course, the graph F is 
connected if and only if F ~ is connected. 
Proposition 2.8. Let G be a group acting transitively on a set f2. Suppose G has a 
self-paired suborbit Z Cf2 of length k>~3 and let FI=Orb(G,Z) be the respective 
arc-transitive orbital graph. Then the graph F obtained from F t by substituting each 
vertex with a Kk admits a transitive action of G and has no nontrivial adjacency 
automorphisms. 
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Proof. The complete subgraphs Kk in F arising from vertices in F' form an im- 
primitivity block system ~ in F for Aut F. Since two blocks in ~ are connected 
with at most one edge, the graph F has no adjacency-automorphism moving a block 
by Proposition 2.7. Similarly, F has no nontrivial adjacency automorphism fixing a 
block. [] 
So the graph obtained from the complete graph K4 by triangulation of vertices - -  
it is a Cayley graph of the alternating roup A4 (see [2, p. 127, Fig. 9]) - -  has no 
nontrivial adjacency automorphisms: d n ~ C c¢. 
In order to clarify the structure of adjacency-transitive graphs we will need the notion 
of the quotient graph relative to some group of automorphisms. Let F be a graph and 
I¢H ~< Aut F. We define the graph FH as follows: the vertices of FH are the orbits of H 
in V(F); two different vertices in F ,  are adjacent if and only if there is at least one edge 
between the corresponding orbits in F. We call FH the H-quotient of F or the quotient 
of F relative to H. Of course, if F is connected then so is FH. Note that this construc- 
tion does not necessarily preserve regularity. By just knowing F, ,  a lot of information 
on the original graph F is lost in general. Nevertheless, if F is adjacency-transitive 
of valency 3 or 4 and if H = (a) for some adjacency automorphism a of F, then the 
structure of F~---F(,> usually provides enough restrictions in order to describe F. 
3. Valency 3 and 4 
Let us start with a description of cubic adjacency-transitive graphs. Following [2], 
the Miibius ladder Mn is obtained from a cycle C2, by adding an edge between every 
two opposite vertices. 
Theorem 3.1. Let F be a cubic adjacency-transitive graph. Then 
(i) F~-Mn, n>~2, or 
(ii) F~-Cn xP2, n~>3. 
Proof. Let F be a cubic adjacency-transitive graph. Suppose F has girth 3. If  a vertex 
of F lies on at least two triangles, then F ~- K4 "~ M2. On the other hand, if every vertex 
in F lies on exactly one triangle, then the set of triangles in F is an imprimitivity block 
system. Since F is cubic and adjacency-transitive, it follows from Proposition 2.7 that 
F~- C3 x P2. 
So we may assume that F has girth 4 by Proposition 2.2. Let a be a nontrivial 
adjacency automorphism of F. I f  rr is transitive on F, then (i) holds. Assume now a 
has k orbits on F, k ~> 2. Since a has no triangles, every a-orbit has length at least 2. 
The valency of F then gives that F¢ is a cycle or a path. If  a a-orbit has more than 
two vertices then k = 2 and F ----- M3 or F ~ Cn x P2 for some n/> 4. If  all a-orbits have 
length 2 then F~ is a cycle on, say, n/> 3 vertices. If  F~ lifts in F as a 2n-cycle then 
F~-Mn; otherwise it lifts in two disjoint n-cycles, implying F~-Cn xP2. [] 
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Note that cubic adjacency-transitive graphs are Cayley graphs of the abelian groups 
772 n or 7/nx772, n>~2. 
In the analysis of adjacency-transitive graphs of valency 4, some information on 
nontrivial adjacency automorphisms of cubic adjacency-transitive graphs will prove 
useful. Here is a list. Every automorphism of M2 ~-K4 is an adjacency one and non- 
trivial adjacency automorphisms of M3~-K3,3 are exactly those exchanging the bi- 
partition sets. For Mn, n~>4, we have one adjacency automorphism corresponding 
to the central reflection and two corresponding to the rotation of the 2n-cycle. The 
graph C3 x P2 has one adjacency involution exchanging the two triangles and five 
nontrivial adjacency automorphisms arising from the symmetry of the triangle. The 
cube graph Ca x P2 has 3 adjacency involutions and 6 adjacency automorphisms cor- 
responding to rotations. The product Cn x C2, n>~4, has one adjacency involution 
and two adjacency automorphisms of order n corresponding to the rotation of the 
n-cycle. 
Before discussing the general valency 4 case we need some lemmas. A graph F is 
locally S,, where I; is a graph, if the subgraph of F induced by the neighbours of any 
vertex in V(F) is isomorphic to 2~. 
Lemma 3.2. I f  F is a locally 21£2 adjacency-transitive graph then F ~_ C3 x C3. 
Proof. Let T= {xbx2,x3} C V(F) induce a triangle in F and let a be an adjacency 
automorphism of F such that a(T)N TT~T. The local structure of F then implies 
a(T) N T = 0. By Proposition 2.7 and the local structure of F, the set T U a(T) in- 
duces a C3 x P2 in F. Set Yi = a(xi), 1 ~< i ~< 3. Since every edge in F lies on exactly 
one triangle, there exist zi E V(F), 1 ~<i~<3, such that xi, yi,zi form a triangle in F. 
The adjacency-transitivity of F implies that there is an adjacency automorphism of 
F sending a vertex of TU a(T) to some zi, giving that zbz2,z3 induce a triangle in 
F and F~-C3 x C3. [] 
Lemma 3.3. Let F be an adjacency-transitive graph of valency 4 containing a K3,3 
induced subgraph. Then F is isomorphic to K4,4 or M3 x P2. 
Proof. Let MCV(F)  induce a K3,3 in F and let M=XUY,  X~--{XI,X2,X3}, Y= 
{Yt, Y2, Y3} be the parts of the bipartition of M. Let a E Aut F be an adjacency auto- 
morphism of F not preserving M and define s = IM n a(M)l. If s = 0 then F "-~ M3 x P2. 
Assume now s > 0. The valency of F implies that s >I 4. If s = 5, then we may assume 
g-(y3) q~M. One then checks that o'2(y3)~ Y and that XU{o'(y3)} and YU{o'2(y3)} 
form a bipartition of F-~K4,4. If s = 4, we can assume that {x2,x3,x4} and {y2, Y3, y4} 
form the respective bipartion of a(M) for some xa¢xt, Y47kYl. Since a- l (x l )  is adja- 
cent to at least one of x2, x3 and F has valency 4, we have a -1(xl )=  Y4. The automor- 
phism a -1 being also an adjacency one, we have xly4 EE(F). Similarly, ylx4 CE(F), 
implying F ~_ K4,4. [] 
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A subgroup G~<AutF is adjacency-transitive on the graph F if it contains a tran- 
sitive subgroup generated by adjacency automorphisms of F. 
Lemma 3.4. Let F be an adjacency-transitive graph of valency 4 and let G be 
an adjacency-transitive group on F containing a semiregular adjacency involution 
a E Aut F. I f  the a-orbits form an imprimitivity block system in V(F) for  G, then 
one of the following holds: 
(i) /" ~ K4,4; 
(ii) F~M~ xP2, n>~2; 
(iii) P~-Cn × C4, n~>3; 
(iv) F has the structure 
V(F)= {xi,j ] O<<.i<<.m- 1,0~<j~<3}, 
E(F) -- {xi,jxi, j+l I Vi, Vj} 
U {xi, jXi+l,j ] O<~i<~m - 2,0~<j~<3) 
U {Xm-l,jXo,j+2 ] 0~<j~<3}, 
where m >i 3 and additions of indices are performed modulo m and 4, respectively. 
Proof (sketch). Assume the conditions as stated in Lemma 3.4. I f  the union of two a- 
orbits induces a K4 subgraph in F, then F ~ K4 x P2 -~ M2 × P2. Otherwise F~ is cubic 
and adjacency-transitive, so by Theorem 3.1 we have F~---Mn, n ~>2, or F~ ~-Cn x P2, 
n~>3. 
Suppose F~-Mn, n>~2, and let To, T1,...,T2n-1 be the a-orbits in V(F). We can 
assume that T/ is adjacent o T,+I, Ti-1 and Ti+n for all O<<.i<<.2n- 1, where the 
addition of indices is performed modulo 2n. Denote the elements of Ti by xi, x~ in such 
a way that xixi+l,Xixi+t t 1 EE(F)  for O<~i<<.2n - 2. Then either X2n_lxo, X2n_lX Ot  ~ EE(F)  
or x2,_lx~o, x~,_lX oEE(r).  
Assume the latter holds. If n~>4 one can infer from the adjacency-transitivity of 
G on F and the above list of adjacency automorphisms of M, "~ F~ that there exists 
an adjacency automorphism zEG such that z(Ti)= T/+1 for all O<~i<~2n- 1. Then 
z" interchanges To and T, but it does not preserve the matching between these two 
orbits, contradicting z E Aut F. I f  n = 3 then E(F) contains the matchings {xox3, XtoX~}, 
{x2xs, x~x~5} and {xlx~4, x~lx4} (otherwise F fails to be vertex-transitive - -  to see this, 
count the number of quadrangles through a given vertex). A renaming of vertices then 
shows that F is of type (iii). I f  n = 2, a contradiction to the vertex-transitivity of F is 
obtained by counting triangles through a given vertex. 
So, we have xz~-lxo, x~n_lx ~ EE(F).  Again the adjacency-transitivity of G on F 
and the above list of automorphisms of Mn implies either xixi+~, x;x;+ n E E(F) for all 
¢ 
i ,  o r  XiXi+n, X[Xi+ n EE(F)  for all i. The former gives F~_M~ xP2. In the latter case, 
if n=2 then/-" ~K4,4. For n>~3 we observe that xi,x~, Xn+i,Xtn+i form a quadrangle in 
F for all O<<.i<<.n - 1. A renaming of vertices hows that F has type (iv). 
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Suppose now F~"~Cn ×P2, n~>3, and let S/, Ti, O<~i<<.n-1 be the a-orbits in V(F) 
such that Si is adjacent to Si- l ,  Si+l, Ti, and Ti is adjacent to Ti-i and T~.+I for 
0 ~< i ~<n - 1, where the addition of indices is taken modulo n. We can denote the 
elements of Si by xi,x~ and those of T,. by yi, Y[ in such a way that xiyi, x[y~ EE(F) .  
When n>~5, the adjacency-transitivity of  G on 1" and the above list of automorphisms 
of Cn x P2 ~'1"a permit us to assume that XiXi+l, X~X~+l, YiYi+l, Y~Y~+I E E(F)  for 
all 0 ~< i ~< n 2. Then either ~ ' ' ' ' ' - Xn-lXo,Xn_lxo, yn-lYo, Yn-lYo E E(F)  or Xn_lXo, xn_lxo, 
I I EF  Yn-lYo, Y~-tYo E ( ) .  The former gives F ,v (C~ × P : )  × P2 ~ Cn × C4 while the latter 
implies F ~_ Mn × P2. One can see that the same graphs arise for n = 3 and n- -4 .  We 
omit the details. [] 
Remark.  Note that (semiregular) adjacency involutions arise also in the theory of  
canonical double coverings (see [5]). 
Theorem 3.5. Let F be an adjacency-transitive graph of  valency 4. Then one of  the 
following holds: 
(i) 1" is a circulant: 1"~Cay(7/m,{+l ,+/}) ,  1</< m" 
(ii) 1"~-Mn×P2, n>~2; 
(iii) F has the structure 
V(F) = {xi,j I O<~i<~m - 1, O<~j<<.n - 1}, 
E(F)  = {xi,jxi,j+l [ Vi, Vj} 
u {xi,jXi+l,j I O<~i<~m - 2,0<~j<<.n - 1} 
U {Xm-~,jXo,j+t I O~j<~n-  1}, 
where rn >>. 3, n ~> 3, 0 ~< t ~< n - 1 and additions of  &dices are performed modulo m and 
n, respectively. 
Proof. Let F be an adjacency-transitive graph of valency 4. I f  F contains a K4 sub- 
graph, then F~K5 (type (i)) or F~K4 × P2 (type (ii)). So we may assume F contains 
no K4 subgraph. 
Let a¢ l  be an adjacency automorphism of F and let 7"1, T2 . . . . .  Tk be all the a-orbits 
on V(F). I f  k = 1 then F is of  type (i). 
From now on we assume k >~ 2. As for the length of the a-orbits we distinguish the 
following four cases: 
Case 1: Some a-orbit is trivial, that is a has a fixed point. 
Case 2: All a-orbits have length 2. 
Case 3: There are a-orbits of  length 2 and of length >2,  none is trivial. 
Case 4: All a-orbits have length > 2. 
We now consider each case separately. 
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Case 1: Let a have a fixed point in V(F). We may assume that a(x)=x for xE T1 
and that x is adjacent o T2, [T2[=s>l .  Of course s~<4, and since F has no K4 
subgraphs we have s¢3. Also, if s = 4 then the subgraph of F induced by T2 is a 
cycle. The only vertex-transitive locally cyclic graph of valency 4 is the octahedron 
graph L(K4)~-Cay(Z6, {+1, 4-2}). Hence F is an adjacency-transitive graph of type (i). 
So let us assume s= 2. Suppose first that x is connected to two other fixed points 
y, zE V(F) for a. If, say, y is adjacent o 7"2 then {x,y}UT2 induces a K4 in F, 
a contradiction. We thus assume neither of y,z is adjacent o T2. If yzf[E(F) then 
each vertex in F lies on exactly one triangle; the triangles form an imprimitivity block 
system in F and F is of type (iii). If yz E E(F) then F is locally 2K2. By Lemma 3.2 
it follows that F ~- C3 x Ca of type (iii). 
We now consider the case when TI is connected to two a-orbits T2, T3 of length 2. 
By the preceeding we may assume that F is not locally 2K2. So the subgraph of F 
induced by T2 U/'3 is a cycle, whence F is the octahedron graph. 
Case 2: Suppose that all the a-orbits have length 2, that is a is a semiregular 
adjacency involution. The assumption that F contains no K4 implies that if there is an 
edge between two different a-orbits, then there is exactly a matching. So the a-quotient 
F~ is a cubic graph. If the a-orbits form an imprimitivity block system for an adjacency- 
transitive subgroup of Aut F containing a, we consider Lemma 3.4 and observe that 
/£4,4 -~ Cay(Ys, {4-1,4-3}) and that graphs under (iii) and (iv) in Lemma 3.4 correspond 
to graphs of type (iii) in Theorem 3.5. 
Hence, we may assume that (a) is not normal in Aut F. Observe the normal subgroup 
S <~ Aut F generated by all conjugates of a in Aut F. Then S is adjacency-transitive 
on each S-orbit, the S-orbits have all equal length at least 4 and the subgraphs of F 
induced by the S-orbits have valency 2 ~<v~<4. Let S be intransitive on V(F). If v = 2 
then each S-orbit induces a 4-cycle. There are two possibilities: either Fs is a cycle, 
implying F is of type (ii) or (iii), or Fs~_P2, giving F~-K4,4 of type (i). If v=3 
then the S-orbits are adjacency-transitive cubic graphs, so Fs ~-P2 and F~-A x P2 for 
some adjacency-transitive cubic graph A, that is F has type (ii) or (iii). 
Now, let S be transitive on F. Then S is adjacency-transitive on F and we can 
assume that the a-orbits are not an imprimitivity block system for S on F. So there 
exists a semiregular adjacency involution z E S such that some orbit of (a,z) has >4 
elements. Then one obtains that F contains subgraphs isomorphic to 3"/3. Lemma 3.3 
implies F-~M3 xP2 or F--~K4,4. 
Case 3: There are a-orbits of length 2 and of length > 2, no a-orbit is trivial. Let 
/'1 and T2 be adjacent a-orbits of length 2 and s~>3, respectively. The valency of F 
implies s E {3, 4, 6}. If s = 3 then F _~/£5, contradicting the assumption that F contains 
no/(4. 
If s=4 then /'1UT2 induce a K3,3 in F. By Lemma 3.3, F is isomorphic either to 
K4,4 or to M3 xP2. 
Let s=6.  If k=2 then F~_K4,4 (type (i)). If k~>3 then the valency of F gives 
that F, is a path and that, for an appropriate ordering of the a-orbits, [T/[ =6 for 
2<<.i<<.k - 1 and [irk[ =2 or [Tk[ =6. If [irk[----6 then Tk induces a M3 -~K3,3 in F and 
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Lemma 3.3 implies F ~ K4,4, a contradiction with k t> 3. So ]Tk[= 2. Since there is an 
adjacency automorphism of F sending an element of T2 into T1 we have k = 3 and 
IT31 =2.  So r is isomorphic to/£5,5 -5K : ,  that is F ~-Cay(Z l0 ,{ i l ,+3})  (type (i)). 
Case 4: All a-orbits have length > 2. Then each vertex has at least two neighbours 
inside its a-orbit. Since F has valency 4, each a-orbit is connected to at most two 
a-orbits in F and so the a-quotient Fo is either a cycle or a path. 
If F~ is a cycle, then one obtains that all a-orbits have the same length ITil---s for 
some constant s/> 3, and F is of type (iii). 
I f  F~ is a path, we may assume that /'1, T2 . . . . .  Tk is the sequence of adjacent a- 
orbits in F. Then the valency of F implies that each of the end-orbits TI and Tk in F~ 
induces either a M6bius ladder Mr or an r-cycle, and that each a-orbit Ti, 1 < i <k, 
induces a 2r-cycle. 
I f  an end-orbit, say T1, induces a M6bius ladder M,, we can exclude r = 2 because of 
M2 ~K4 and the assumptions. Let z E AutF be an adjacency automorphism of F 
mapping a vertex of T1 to T2. One can see that z(Tl)C_ T2, so k=2 and F~-Mr x P2 
is of type (ii). 
It remains to settle the case when /'1 induces an r-cycle. As before, we see that 
there is an adjacency automorphism z such that z(Tl)C_ T2; a contradiction since T2 
induces a 2r-cycle in F. [] 
Consider a graph F of type (iii) in Theorem 3.5. The adjacency automorphisms 
a, p E Aut F, defined by a :Xi, j ~ Xi , j+ 1 and p : xi, j ~ Xi+l,k, where k = j  + t if i = m-  1 
and k = j  otherwise, commute. Thus they generate an abelian transitive group on F, 
which is therefore regular on F (see [9, Theorem 4.4]). So every graph of type (iii) is 
a Cayley graph of an abelian group. This, together with the comments to Theorem 3.1, 
implies the following. 
Corollary 3.6. Every adjacency-transitive graph of valency 3 or 4 is (isomorphic to) 
a Cayley graph of an abelian group. 
Note also that a graph of type (iii) in Theorem 3.5 may be of type (i), say if 
(t,n) = 1. 
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